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STATE TRANSITION TENSOR MODELS FOR THE
UNCERTAINTY PROPAGATION OF THE TWO-BODY PROBLEM

Tarek A. Elgohary* and James D. Turner?

Several methods exist for integrating the Keplerian Motion of two gravitation-
ally interacting bodies, even when gravitational perturbation terms are in-
cluded. The challenge is that the equations of motion become very stiff when
the perturbation terms are included, which forces the use of small time steps,
higher-order methods, or extended precision calculations. Recently, Turner and
Elgohary have shown that by introducing two scalar Lagrange-like invariants
that it is possible to integrate the two-body and two-body plus J2 perturbation
term using a recursive formulation for developing an analytic continua-
tion-based power series that overcomes the limitations of standard integration
methods. Numerical comparisons with RK12(10), and other state of the art in-
tegration methods indicate performance improvements of ~ 70X, while main-
taining ~mm accuracy for the orbit predictions. Extensions for J3 through J6
are currently under development. With accurate trajectories available, the next
important theoretical development becomes extending the series-based solution
for the state transition matrices (STM) for both the two-body and two-body
plus J2 perturbation. STMs are useful for many celestial mechanics optimiza-
tion calculations. Second and third order STM models are developed to support
uncertainty propagation investigations. The application of scalar Lagrange-like
invariants generates highly efficient state trajectory, STM, and higher-order
STMs models. The proposed mathematical models are expected to be broadly
useful for celestial mechanic applications for optimization, uncertainty propa-
gation, and nonlinear estimation theory.

INTRODUCTION

The development of STM models requires an accurate trajectory prediction for building the
nonlinear STM ordinary differential equations. For the unperturbed two-body problem the classi-
cal F&G Lagrangian coefficients provide a mapping of the initial position and velocity into cur-
rent time values. Majji, Junkins, and Turner,' based on the F&G model, have developed first-
through fifth-order STM models. Unfortunately, the F&G STM-based model is not well suited
for being extended for handling J2 and higher-order gravity perturbation effects. This work pre-
sents an analytic series-based approach that overcomes the problems encountered for applying the
F&G STM for gravity perturbations.
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Continuation Methods for the Two-Body Problem

A problem of long-standing for the two-body problem has been the difficulty in developing
high-order Taylor series expansions, even though the governing equations are well-defined. La-
grange introduced three algebraic invariants that permit the unperturbed two-body trajectory to be
expanded in a power series model.” However, Lagrange’s analysis objective was not to develop
arbitrary order time derivative models for the trajectories. Later work by Battin and others ex-
tended this approach and developed recursive algorithms for propagating the Lagrange invari-
ants.” ** The Lagrange invariants, however, have not been extended for handling gravity pertur-
bations. This work handles both unperturbed and perturbed gravity external loads. All of the new
algorithms build on Turner and Elgohary two scalar Lagrange-like invariants (i.e., f =r-r and

g=f 2 ) * This approach is highly efficient because the differential equations for both fand g
lead to bilinear equations, with no denominators, which are ideally suited for generating recur-
sively-based arbitrary-order time derivatives by invoking the use of Leibniz product rule. Ordi-

narily, without introducing the f'and g variables, the calculations for n-th order time derivatives of

the vector-valued function (r r)_3/2 rapidly becomes unwieldy and very complicated for coding

and validating the model. Indeed, it is likely the complexity of these calculations provided La-
grange with amply motivation for seeking out the development of his algebraic invariant ap-
proach. Using the f'and g model, there is no theoretical limit to the number of series terms that
can be retained in the approximation. Numerical experiments, however, demonstrate that depend-
ing on the propagation time step size and the orbit eccentricity that 8§ to 15 series terms yield op-
erationally useful approximations for missions operating in the LEO-GEO Theater of operations.
Extended precision experiments, including Q-level and 200-500 digit calculations, support the
conclusion that the integration time step for the trajectory analysis is limited by a fundamental
radius of convergence issue for the series approximation.” On-going research efforts are explor-
ing the radius of convergence issue and its impact on building operationally useful tools for sup-
porting space trajectory applications. Of course, f and g are just scalar kinematic variables. Tra-
jectory models require that f'and g are linked with the two-body problem acceleration, defined by

T o . .
r=—urg , where r = [x y z] denotes the inertial relative coordinate vector that locates an
object relative to the Earth, z=398601.2 km®/sec’ is the gravitational constant. It is important to
note that » =—urg consists of a bilinear term involving the product of the position vector and

the g scalar Lagrange-like invariant. Like the fand g variables themselves, the higher time deriv-
atives for r = —urg are generated by invoking Leibnitz product rule. A complete series solution

is generated by recursively linking the Leibnitz product rules for f, g, and r , and recovering one
derivative order for each sweep of the three Leibnitz product rules: the approach is both efficient
and accurate. Calculations begin by assuming that initial values are available for r,r,r , higher-

order time derivatives are developed recursively linking Leibniz product rule for £, g, and r to
recursively develop { fer } ,{ f.g,r }, . After computing a pre-set number of terms recur-

sively, one develops the trajectory and trajectory time derivatives as the analytic continuation
power series approximations,

r(t+h) =r(t)+r(t)h+r(t)h2 /24 r (t)h3 /34
(1
r(t+h)=r(t)+r(t)h+r(t)h’ /2
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Only the position and velocity vectors must be analytically continued. This work extends
these results to include J, disturbance acceleration terms for the trajectory propagation, as well as
developing analytic continuation power series for the STM. Numerical results are presented that
compare the solution accuracy and integration time required by ODE45 and RKN1210, and the
analytic power series methods developed in this work for two-body plus J, perturbation terms.

ANALYTIC CONTINUATION SOLUTION FOR THE PERTURBED TWO-BODY
PROBLEM

The trajectory model for the perturbed relative two-body problem is addressed with the fol-
lowing equation of motion,

r=—rﬁ3r+ad 2)

The disturbance acceleration term a ,, referring to the J, effects, that arising from the Earth’s
oblateness is defined as,

o3 B () () o

where, 1£=398600.4418 km’sis the standard gravitational parameter of the Earth,
J, =1082.63x10 7 defines the oblateness perturbation, r,, = 6378.1370 kmis the Earth equa-

torial radius.

Invariant Solution Strategy

A two-part solution strategy is presented. First, two Lagrange-Like invariants are introduced
to automate the process of generating arbitrary order time derivatives for the equation of motion
in Eq. (2). The first scalar Lagrange-like invariant is:

f=rr 4)

where (.) denotes the vector inner product for the bilinear form. The n-th order time derivative of
£ is computed by applying Leibniz product rule as,

a f

m

n
where ( j is the standard binomial and =f (" The second Lagrange-Like invariant is
m

given by,
g,=1"" ()
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which is not a bilinear form, however, the first time derivative for Eq. (6) can be shown to be the
bilinear form: fg, +§fgp =0. Evaluating the higher order time derivatives of g,, using

Leibniz product rule, and solving for the highest time derivative, one obtains,

n - n m+ n-m m n—m+
yﬂhz_{gfm@x)+§:[mj(§j« gl 4 gl n)}ﬁf )

m=1
Note, that if the bilinear first derivative term was not used for Leibnitz product rule, that one is
forced to model Eq. (6) as a composite function of the form g, =g, ( f ), which is classically
handled by the very complicated and celebrated Fad di Bruno mathematical identity.

From Eg. (3), it is obvious that a, contains cubic and quartic terms that are not handled by

Leibnitz product rule. Theoretically, it is possible to develop multi-nominal versions of Leibnitz
product rule; nevertheless, by introducing several variable transformations, a, is recast in a

form suitable for applying the binomial form of Leibnitz product rule for developing arbitrary-
order analytic time derivative models. To this end, the first step is to define the constant

3
6= E 2/”’;1 ®)
Now Eq. (2) is re-written as
-3/2 b z°x y zzy z z
r=-,ur(r-r) —02(7—57, r—s—sr—7, 3r—5—5r—7J (9)
Recalling Eq. (6), Eq. (9) becomes
X&s — 522xg7
r=-prg; —c,| ygs =52y, (10)
3zg,-52°g,

New recursions are developed in Appendix C for the quartic terms appearing in Eq. (10) to
enable the use of Leibnitz Product rule. With these intermediate variable definitions the a, per-

turbed acceleration is expressed in the desired bi-linear product form:

xgs —5¢g,
r=-urg,—c,| ¥gs—5¢g; (11)
3Zg5 _Sl//g7

The nth-order time derivative is obtained by using Leibnitz product rule, as follows:
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x(m)ggn—m) _5¢(m)g§nfm)

n+ < n m n—m < n m n—m m n—m
! 2)=-#§( Jr( gl )—CZE( ] P 5" gl (12)
m=0 m m=0 _ _
30 glon) _ 5, () o

5 7

The complete power series time derivative models are computed by recursively combining Eqgs.
(5), (7), (11)-(12), and evaluating the series for the position and velocity vectors,

r(tJrh):r(t)Jrr(t)thr(t)h2 /24 r (t)h3 /34

r(t+h):r(t)+r(t)h+r (t)h2 /24

The two-body solution is recovered by setting ¢, =0.

STATE TRANSITION TENSORS

The development of state transition tensor models demands that previously derived recursive
equations must be generalized to account for initial condition partial derivative calculations. The
generalized partial derivative models for f'and g are presented in Appendices 4 and B, respective-
ly. In every case the application of Leibnitz product rule provides a systematic procedure for
building all of the required partials. In this way one is left with dealing with evaluating partials
for Egs.(11) and (12). The first step in the process consists of casting the system dynamics in
state-space form:

X Xy
X =r x,=r = = (13)
X —HUxg;+a,,

Two steps are required for developing the state transition tensor models. First, one evaluates
the nth order time derivative of Eq. (13), leading to

xf")

g
TIxo( (m) _(n-m)\ () (14
X, ;[m](—,uxl g, )+a_/2

Second, one sequentially evaluates the state transition tensor spatial partial derivatives. The
first- through third-order STTS for Eq. (13) follow as

First-Order State Transition Matrix

N-th Order time derivatives of this model are developed by applying Leibnitz product rule, as
follows:
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(x j(n)
1

= - n m n—-m m n—m n
X ), Z[ j(‘ﬂxf,-)g( ) gl ))+a§2),,~

K gl ¢ (0 glrn) s gl 4ol
n < n m n—m m n—-m m n—-m m n—m
ay), =—CZZ( J PGl g gt 5 g 5 g
(o)

32l 1 32l _ 5, () glo-) 5y, )

(15)

m=0
5 i 7

Second-Order State Transition Tensor
N-th Order time derivatives of this model are developed by applying Leibnitz product rule, as

follows:
( X j(") XS)
1 J—
- < n m n-m m n—-m m n—-m m n-m n
), | B < g )
m=0

xEm)ggn—m) +x(/m)g£nv—m) 1 x(‘m)ggi::—m) +x(m)g£r]1v—m) _

o

5¢fjm)g5n—m) _5¢fm)g£n/—m) _5¢Sm)g£n—m) _5¢(m)g512—m
(16)

., (”j yE;")gEH*M)+y£m)g£j*M)+y5M)g§j*m)+y("7)g53*m)_
(m) gSZﬂ")

d, =-e.2

m=0

(V/*m) m

Sp!"g!" ™ =5\ Mg — 50!

o)

m )ggj*M) ~5p

S i

32 g1 13500 g0 1 350 g 3 gl

A o

Syg! ™ Sy Mg sy Mg sy g

i

Third-Order State Transition Tensor
N-th Order time derivatives of this model are developed by applying Leibnitz product rule, as

follows:
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(n)

Ak =

X,

—Hux,g+a;,

(m)

n

m=0

n j le/kg le/ g k + xl(::)g(n_’n) + X(M)g(:_m) +

j(")
(n)

2,k

(n—m)+ (m) _(n—m)

X g1 4y gom) () gloom) o) o)

1,jk J 1,j Jik 1, Sifk

X g1 4yl gloem) ) glom) 3 (o) (oo

ik S5 i 5, ik 5 j 5,k

m)

(n=m)

5.ijk

£ gl 4 Fx"g

g 4 5 gl

Lk 5, j 5.ik K

Jijk 7 & s WJ 7.7k

i 7,ijk

gy gl

A 5.k

+ gl 4y gl

ik i Osk

WGl 4y gl y gl 4 gl
5(p('”)g("—m) _ Sw(m)g(”—m) _ qu(m)g("—m) _ 5g0(m)g(n_m)

5" g ) — 5l gl _ 5 gl ) 5 gl

J 7,ijk

3z(i':)g§"7m) + SZ(lf")gizfm) + 3z(i:")g§"_7'") + 3z(lm)g("7m) +

sy g =5y Mg —sy Mg —sy g,

5¢(m)g(n—m) _ 5¢fjm)g£n—m) _5¢F’:n)g5n—m) _5¢fm)g(n—m) _

(n—m) _

(17)

A key observation is that all terms above remain bilinear, this means that arbitrary order time
derivative models are easily derived. As a result, all of the first- through third-order state transi-
tion tensors can be recursive power series solutions coupled to the recursive solution for the state
trajectories. The two-body problem state transition tensor are obtained by setting ¢, =0. From

the bilinear data structure above, it is obvious that all the terms in the state and state transition
tensors can be computed in a massively parallel way.

As with any power series-based approximation one must come to grips with the issues: (1)
how many terms need to be retained in the approximations, (2) how large can the step-size 4 be
made for maintaining what level of position and velocity accuracy, (3) can variable step-size al-
gorithms be developed for accelerating the series approximations, and (4) what is the computa-
tional performance of the series approximation when compared to other available approximation
methods. The recursive nature of problem formulation is well suited for parallel implementa-

tions.
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NUMERICAL CASE STUDIES

Two types of orbits, 2D and 3D, are presented here as numerical case studies for the analytic
continuation method. Each case is integrated for one orbital period for the unperturbed and the

J, perturbed orbits. The analysis compares each case with existing numerical techniques,

MATLAB ODE45 and RK1210, in terms of speed and accuracy. For the unperturbed orbit the
classical F&G solution is used as the truth for accuracy calculations whereas for the perturbed
orbit the methods are compared relative to each other.

Casel: 2D Orbit

The initial conditions for the orbit are given by
r,=[7 0 0] x10°m
v,=[0 7.7324 0] x10° ms

For the unperturbed orbit, at each time step the error between the analytic continuation solu-
tion, subscript AC , and the classical F&G, subscript FG , is computed as,

Yo =Ty = [Axo Ay, Az, ]T
Vic =V = [Axo Ay, Az, ]T

Figure 1 shows the errors for all 6 states for one orbital period.
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Figure 1: Analytic Continuation vs. F&G Solution Casel

The same errors calculation is repeated for the two numerical integrators, ODE45 and
RK1210, in order to ensure that the same level of accuracy is obtained for all methods, Figure 2
and Figure 3.
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Figure 2: ODE45 vs. F&G Solution Case 1

-7 -6

x 10 x 10
1 1
0
—~ -5 —~ 0 ~ 0.5
g g E
g1 = 4
-15 -0.5
-1
0 5000 0 5000 0 5000
Time (sec) Time (sec) Time (sec)
x10° x107°
2 5 / 1
0 0.5
= 1 n )
~ ~ ~
) g5 £ o
g0 3 10 3
0.5
-15
1 P
0 5000 0 5000 0 5000
Time (sec) Time (sec) Time (sec)

Figure 3: RK1210 vs. F&G Solution Case 1
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Introducing the J,term to the orbit Analytic Continuation, ODE45 and RK1210 are used to

compute the trajectory. As the F&G classical solution is not feasible to use due to the orbit per-
turbation the three methods are compared against each other for accuracies and timings. The ac-
curacies criterion is achieving sub meter relative errors in position between the three methods.
First the Analytic Continuation is compared against ODE45, Figure 4. The method is then com-
pared against RK1210, Figure 5. Finally the simulation timing comparison is shown in Figure 6.
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Figure 4: Analytic Continuation vs. ODE45 Casel J2
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For sub meter relative accuracies Analytic Continuation approach is again far more superior to
RK1210, at least one order of magnitude, whereas it is slightly faster than ODE45, approximately
2X. For a fixed step size algorithm compared against highly optimized variable step size methods
the speed up is quite significant and can be extended further by either introducing a variable step
size technique or using parallel computing.

Case2: 3D Orbit
The initial conditions for the orbit are given by
r,=[1.058 —6.148 2.086] x10° m
v,=[2.658 277 —6.815] x10° m/s

As in casel for the unperturbed orbit the comparison against the classical F&G solution is
shown in Figure 9.
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Figure 7: Analytic Continuation vs. F&G Solution Case2

The same errors calculation is repeated for the two numerical integrators, ODE45 and
RK1210, used in order to ensure that the same level of accuracy is obtained for all method, Figure
8 and Figure 9.
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Figure 8: ODE45 vs. F&G Solution Case2
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Figure 9: RK1210 vs. F&G Solution Case2

As the same level of accuracy is achieved by all three methods the simulation time for each
method is calculated and plotted, Figure 10. It is quite obvious that for the same level of accuracy
the analytic continuation is exceedingly superior to the existing numerical methods with at least
an order of magnitude speed up in simulation time.
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Figure 10: Simulation Time Comparison Case2 Unperturbed Orbit

The J2 effect is now introduced to the orbit. In this case also the classical F&G solution is not
used as the truth and the three methods will be compared against each other in terms of accuracies
and timings. Analytic Continuation vs. ODE45 and Analytic Continuation vs. RK1210 accuracies
comparisons are shown in Figure 11 and Figure 12 respectively for a half orbital period to rea-
sonably reduce the total simulation time for the three methods combined. The timings comparison
for the three methods is shown in Figure 13.
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Figure 11: Analytic continuation vs. ODE45 Case2 J2
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Figure 12: Analytic Continuation vs. RK1210 Case2 J2

10°

T T T

w

-
o

T T

Simulation Time (sec)
=]

T T T T

T T Ty

ODE45 RKN1210 Analytic Cont

Figure 13: Simulation Time Comparison Case2 J2

The Analytic Continuation method is about an order of magnitude faster than RK7210 whereas
when compared against ODE45 it came out 4X slower. The advantage of the variable step size of
ODE45 is quite significant in this example and a significant improvement to the Analytic Contin-
uation speed can be achieved by implementing a similar variable step algorithm or using parallel
computing.
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DISCUSSION AND CONCLUSION

The analytic continuation solution is extended to solve a broader case of problems to encom-
pass the perturbed two-body problem for the Earth oblateness effects. This solution scheme can
be easily extended to evaluate the higher perturbation harmonics as function of the predefined
Lagrange-Like invariants. The speed and accuracy enabled by the power series solution is orders
of magnitude better than the current standard numerical integrators in terms of speed while
retaining the same accuracies.

The Analytic continuation solution technique is also used to derive the state transition tensors
for the perturbed two body problem up to third order. Numerical results for perturbed and unper-
turbed 2D and 3D orbits are presented. Accuracies and timings comparisons are shown against
existing numerical methods, RK/210 and ODE45. For the same level of accuracy the Analytic
Continuation method showed significant superiority in terms of speed over RK/210 whereas it
produced very similar timings to the more optimized ODE45. As a future development variable
step size can be introduced to the method and parallel computing can be easily implemented for
more speed gains.
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APPENDIX A: CHANGE OF VARIABLE f FUNCTION TIME AND PARTIAL

DERIVATIVES
The scalar f function is defined as
f=rr
and the first- through fourth-order partial derivatives follow as

f,f :2r":i
fi.=2r -r,+2r-r,
sl 5] N U
S =205 0 420 1y + 20 ok 200y,

.f,ijkl 22",/'/{/ F; +2’:jk ry +2r,j/ Ty +2r,j Pt

2ryr; 2, 1,

il +2rJ -r., +2r-r,

Sijk Sijkl

The first- through fourth-order time derivatives follow as

= Z":( n j A ()

m=0\ M

0 =3[ 7|yl
-f,t MZO m S
0 AN ] ) ] L) (o)
L _220 m LN +2Z:4) m LA
n < n m n—-m < n m n—-m
R R () R
m=0 m=0
< n m n—-m < n m n—-m
22(:) N ,:/(c),,:f_j_ )+2ZO . r( ),,:l(j_k )
n < n m n—m < n m n—-m
fl(/k/):2z m ’:Ekl) r,( )+ZZ m ’:ka) r,z('l )+
m=0 m=0
< n m n—m < n m n—m
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)M AR ) N A
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2> m 12y m g
m=0 m=0
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APPENDIX B: CHANGE OF VARIABLE g FUNCTION TIME AND PARTIAL
DERIVATIVES

The g function is defined as

g=/f"" (1)

In anticipation of supporting the J2 calculations, one recognizes that Eq. (1) is generalized as
follows:

g(o)=,"" )

where o can assume the values (3, 5, 7). What is of critical importance for calculations

is that both differential and partial differential equations for Eq. (2) are cast in the form of bi-
linear products, without denominators, which leads to very simple sensitivity equations.

Partial Derivative Calculations

The first four partial derivatives are sequentially obtained follow as
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O=0gf . +2/g,
ogf
=g =——2
8. 2f
0=O'gqu,l.+0'gf’ij+2f,/,g,l.+2fg,ij.

=8y = —(ag,/.f’i +ogf; +2f,.fg,i)/(2f)

0= O'g’jkf’i +O'g,jfd.k +o-g~kf~ij +o-gf’i].k +
2f 18+ 28y +2/18y+ 218
. _{O-g,jkf,i +08 [y t08Ly T o8& +J/(2f)
’ 2f38:i+2f;8x +2/18,
O:O'g,jk,f!l. +O'g!jkf,i, +0'g,j,f,l.k +Jg’jf!l.k, +
08t 084S+ 08, S +0& yu +
2 8t 2 58t 2S &+ 2 ;8w +
20 8 2 k8 + 218+ 28
08 ufitog fi+t0g fu+0g  fiut
O'g,klf’ij + O'g’kf’,.j, + O'g,,f,ijk + O'g/‘”y.k, +
20 18t 2 8+ 2) y8u +2/ 8w+
2fu8y + 2148 + 2118

(€))

/(2/)

=& ="

Time Derivative Calculations

In all of the time derivative calculations, one needs to observe that the final summation starts
at one rather than zero, this results from solving for the highest time derivative in each case. The
nth order time derivatives for the first order partial derivative follow as

S n m n—m C n m n-m
Ozgz[ ]g< )£ )+2Z[ jf( gl
m=0 m m=0 m

“

m=0 \ " m=1

n < n m n—m = n m n—m
o) M ATae> WA eV
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The nth order time derivatives for the second order partial derivative follow as

o=o[n)es “"w;oU "
23 (")t sag 7)o

m=0
)
n " (n
(,,) m=0 m m=0 m (0)
=g, == 12f
< n m n—-m
m=0 m=1 m
The nth order time derivatives of the third order partial derivative follow as
n n n n
o33 Jarse
m=0 m m=0 m
n " (n
(m) g (n-m) (m) p(n-m)
Gmo(mjgk f[j +O-’§(m}g fl/k +
< n Vl m
22( Jf/k gl +2Z( j +
o\ m
" (n " (n
23 1) e 23 ]fw .
m=0 m ' ; m=0 m
= n m n—-m Z n m n—-m
[ jg(]k)ff '+ [ jg(] i+
m=0 m m=0 m
o +
Z n m n—-m - n m n—-m
[ ]g(k 1 ”Z[ jg( s
(n) m=0\ " m=0\" (0)
=8 =~ /2f
< n m n—m < n m n—m
(1) e 32 e
2 m=0 m m=0 m
e . ©)
MTEERD TET
m=0\ M ' m=1\ M ,

The nth order time derivatives for the four-order partial derivative are given by
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" (n
(’” n-m n
mO(m)gjkl)f:l( ) + n
n m=0 m (;")f(lni’n)'i'
; . i
(m) p(n-m 1
o mo{m]g” f:(k )+ " m
n (n 2| 4y |8 i+
(m) p(n-m 1
mo{m]gk] f’E )+ " (m) "
" (n m=0\ M g’k f1577m)+
. (’”) n-m i
:>g£j,3 = — MO(mJgJ f"’ik )+ (n (m) ("—
" (n m=0\ 11 g f,iﬂk’n)
£l glrm) L
m=0\M JKI g,[ n / v
nO +MZO m f.s,:’)g(;—m)_i_ 2f
. ,
e "
) —\m ) ik +Z;m(ﬁ@éwm+
. o : ik
(m) _(n-m
“m S g,(;j )+z n
(m) (n—m
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)
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APPENDIX C: TRANSFORMATIONAL VARIABLES FOR J, TRAJECTORY AND
STATE TRANSITION TENSOR CALCULATIONS.

Four variables need to be introduced to allow the binomial form of Leibnitz product rule to be
used for generating arbitrary order time and partial derivative models. Leibnitz product rule is
used to assemble arbitrary order time derivative models for products of variables. The resulting
mathematical identities are very simple to derive and code, and the basic algorithm scales to more
complicated problems. The resulting algorithms are ideally suited for massive parallel implemen-
tations.

Step 1: Simplify the z*z term

Variable Definition:
z2=z%z

Arbitrary Order Time Derivative:

o0 — Z( ”]Z(m)zwrn)

m=0\ M

Partial Derivatives and Arbitrary Order Time Derivatives:

" (n
o) _ _m)(rm) ,_m)_(v-m)
mgo m ( ! ! )
" (n
22(;’) = Z (z,(ij'.")z("*m) + Z,(im)z!(;*m) + z’(j'.")zs(l."fm) + Z(m)zy(;*m) ) (1)

3

n Z’Eﬂ)z(LM) + Z’(I;”)Z,(I:lfm) + Z,(i):)Z!(;.Pm) " Z(lm)Z(nim) .

o\ 1" ZE;Z)Z’(I.nim) + Z’(;”)Zy(izim) +2U )Zﬁf AL Z(U",; ")

Step 2: Simplify the z*z*x term:

Variable Definition:
Z2x=z*z*%x

Arbitrary Order Time Derivative:

225" = Z( " j 220 =)

m=0\ "

Partial Derivatives and Arbitrary Order Time Derivatives:
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n
z2x\" = 220 xlrmm) g 7p(m) ynom)
D g (C2 )
n) _ < n ( (n—m) (n— m)
z2x; _,;) - (22’.. +Z2 +z2 " 4 z20" )
) _ Zn: n 22%) (n- +z2( xk )+z2(.m) ¥ +z2( )X m) +
*s 22(;? (= +22( +22( ) ) 4 220 171( )
Step 3: Simplify the z*z*y term:
Variable Definition:
Z2y=z%z*y
Arbitrary Order Time Derivative:
" n
Zzy(") — Z( ]Zz(’")y(”—m)
m=0\ "
Partial Derivatives and Arbitrary Order Time Derivatives:
" (n
22y = 22U gy g 7 5, nm)
v MZ;) . B wrm)
" (n
Z2y5;7) = Z (Z2f;) +22 +22 ( ™ gz yu ))
m=0 m
W szU'f;C)y )+z2(y)y(k" ") +z2(,.',':)y( +z2( Vi (n=m) 4
a2 D N S Ay g o
m=0 22’],,( y’i +22’j Vi +22k Vi +2z2 Vik

Step 4: Simplify the z*z*z term:

Variable Definition:

z3=2z2%7z7

Arbitrary Order Time Derivative:

m=0\"

Partial Derivatives and Arbitrary Order Time Derivatives:
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m=0
23(;) — Z:;)
-3

S I 3

3

(12002 80 40

(

Y

z2
z2

(m) _(n=-m)

ik 2

(m) _(n=-m)

i
5

»Jk

z

22U Zlrmm)  zp(m) prmm) g pplm) lnm) o) lnom) )

ol J SJ i ij

+ 22’(;1) zf,:'_m) + 22’(;,:')2’(;_”1) + 225;") z’(/,';:’") n

+ 22’(;,”) ZS.Z_M) + 22’('")2’(@;’_'") +2z2" zg;'k_m)
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