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ABSTRACT
In this paper we design an observer for online estimation
of species concentrations in a steam reformer based Solid Oxide Fuel Cell (SOFC) system with anode recirculation and with
methane as fuel. Since in SOFCs steam reforming occurs both
in the reformer and in the fuel cell, a large number of concentration sensors are necessary for accurate control of critical performance variables such as utilization and steam-to-carbon-ratio.
The purpose of the observer is to reduce the number of sensors
required for control. In contrast to existing observers which are
either designed for chemical reactors or for fuel cells exclusively,
our design considers the coupled dynamics of the reformer and
the fuel cell. We design an adaptive observer where the rates
of reforming reactions are treated as slowly varying unknown
parameters. Using a few concentration sensors we show that
all other species concentrations, molar flow rates, and reaction
rates in the fuel path can be dynamically estimated. Simulation
results are provided in support of the proposed design.
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NOMENCLATURE
Cp
Specific heat at constant pressure (J/kg/K)
Cs
Specific heat of solid volume (J/kg/K)
Cv
Specific heat at constant volume (J/kg/K)
Ea , Eb , Ec Activation energy of reactions (a), (b), (c)
in Eqns.(6) and (17) (J/mol)
F
Faraday’s constant (= 96485.34 coulomb/mol)

rd
STCR
Tg
Tre f
Ts
V
Ẇnet

∗ Address

Pg
p
Q̇g
Q̇s
Ru
ra , rb , rc

Molar enthalpy (J/mole)
Current draw (amps)
Anode recirculation fraction
Mass of solid volume (kg)
Number of moles (moles)
Number of cells in series
Molar flow rate of air (moles/sec)
Molar flow rate of fuel (moles/sec)
Anode inlet flow rate (moles/sec)
Anode exit flow rate (moles/sec)
Number of electrons participating in electrochemical reaction (= 2)
Control volume pressure (N/m2 )
Partial pressure (N/m2 )
Rate of heat transfer to gas control volume (W)
Rate of heat transfer to solid volume (W)
Universal Gas Constant (8.314J/mol/K)
Rates of reactions (a), (b), (c)
in Eqns.(6) and (17) (mol/kg cat./sec)
Rate of electro-chemical reaction (moles/sec)
Steam-To-Carbon Ratio
Temperature of gas control volume (K)
Reference temperature (K)
Temperature of solid volume (K)
Volume (m3 )
Net work done (W)

all correspondence to this author.
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Symbols
∆H
∆hof

Ka , Kc
Kb
KCH4 , KCO , KH2
KH2 O
κa , κc
κb
η̇

R
X
Subscripts
a
c
cv
e
in
i
r

ratio of steam and carbon is necessary since an inlet flow lean
in steam causes catalyst deactivation through carbon deposition,
(2). Hence control of utilization and STCR are necessary for the
overall efficiency and longevity of the system.
Since utilization and STCR are functions of species concentrations, sensors to measure the same are necessary in implementing control algorithms. The reforming process in SOFCs
essentially generates a hydrogen rich gas by breaking down complex hydrocarbon molecules into simpler ones. Furthermore, the
reforming process occurs in two stages, first in the reformer, and
second in the fuel cell itself. Steam reforming of methane leads
to five major components in the fuel path, namely, CH4 , CO,
CO2 , H2 and H2 O, with different concentrations in the reformer
and in the fuel cell. Hence, online computation of utilization
and STCR would require a large number of concentration sensors which would significantly increase costs and complicate the
hardware. A means of reducing concentration sensors is to use
observers that dynamically estimate species concentrations from
online sensor data using a mathematical model.
We design an observer for a steam reformer based tubular
SOFC system with anode recirculation and methane as fuel. We
develop a lumped control-oriented model that captures the details
of heat and mass transfer, chemical kinetics and electro-chemical
phenomena of the system. Our control-oriented model has similarities with the tubular SOFC models developed in (3) and (1).
The kinetics of steam reforming are modeled based on the experimental results in (4). Other tubular SOFC system models appear
in (5), (6), (7) and (8) and models of planar SOFC systems appear
in (9) and references therein.
Literature review reveals that although there are several publications in observer designs for chemical reactors, (10), there
are few that address observer design in fuel cells, (11). These designs focus on either chemical reactors or fuel cells exclusively.
A unique aspect of our observer design is that we consider the
coupled dynamics of the steam reformer and the fuel cell. This
is necessary since, for our SOFC system, a fraction of the anode exit flow is recirculated into the reformer to supply steam
for the steam reforming process. The observers in (10), (12) and
(13) rely on temperature dynamics for estimation. In our observer design, although temperature measurements are utilized,
we refrain from using the temperature dynamics of the SOFC
system. This is because high temperature operating conditions
can result in significant heat exchange through radiative means
or otherwise due to the specific layout of hardware, which would
remain unmodeled. Similarly, although pressure measurements
are utilized, we neglect the pressure dynamics of the system, (1).
Several designs such as (12), (13), and (14) assume prior knowledge of reaction rates. However, in (15) and (16), the authors
show estimation errors arising from uncertain reaction rate parameters and adopt an adaptive approach for estimating these
parameters. In (10), the observer design is based on coordinate transformations that eliminate reaction rate terms. In our

Enthalpy of reaction or adsorption (J/mol)
Enthalpy of formation at 298K and 1atm
(J/mol)
Equilibrium constant of reactions (a) and (c)
in Eqns.(6) and (17) (Pa2 )
Equilibrium constant of reactions (b)
in Eqns.(6) and (17)
Adsorption constant for CH4 , CO, H2 (Pa−1 )
Adsorption constant for H2 O
Rate coefficient of reaction (a) and (c)
(mol Pa0.5 /kg cat/sec)
Rate coefficient of reaction (b)
(mol/kg cat/sec/Pa)
Molar flow rate (moles/sec)
Species rate of formation (moles/sec)
Species mole fraction

Anode control volume
Cathode control volume
Generic control volume
Exit condition of control volume
Inlet condition of control volume
Values of 1 through 7 represent
CH4 , CO, CO2 , H2 , H2 O, N2 , and O2
Reformate control volume

INTRODUCTION
Among different fuel cell technologies, Solid Oxide Fuel
Cells (SOFC) have attracted research interests due to several factors. SOFC systems are solid state devices that are simpler in
concept than other fuel cell technologies. Fuel flexibility and
tolerance to impurities are attractive features of SOFCs. High
temperature operating conditions (800 to 1000◦C) of SOFCs are
conducive to internal reforming of fuels and the exhaust gases are
excellent means for sustaining on-board fuel reforming. SOFCs
are not only tolerant to carbon monoxide but can also use it as
fuel and this simplifies the fuel reforming systems. Furthermore,
high operating temperatures makes SOFC-Gas Turbine hybrids
excellent combined heat and power (CHP) systems.
For optimal performance of SOFC systems, well designed
control strategies must be implemented. A critical variable in
SOFCs is fuel utilization. High utilization implies high efficiency, however, too high a utilization results in reduced partial
pressure of hydrogen that leads to diminished cell voltage and
can cause irreversible damages to the fuel cell due to anode oxidation, (1). Steam-To-Carbon-Ratio (STCR) is a critical performance variable in steam-reformer based SOFC systems. STCR
indicates the availability of sufficient steam for fuel reforming
at the reformer inlet. An STCR greater than the stoichiometric
2
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recirculated flow which is also passed through the reformer before being injected into the mixing chamber, as shown in Fig.1.
The remaining anode efflux is mixed with the cathode outflow in
the combustion chamber. The combustor also serves to preheat
the cathode air flow which has a molar flow rate of Ṅair . The
tubular construction of each cell causes the air to first enter the
cell through the air supply tube and then reverse its direction to
enter the cathode chamber. The cathode air serves as the source
of oxygen for the fuel cell.

adaptive observer design, we treat the rates of steam reforming
reactions as slowly varying unknown parameters. This assumption is based on slow temperature dynamics of SOFC systems,
preferred uniform temperature operation of SOFCs to prevent
thermal stresses, and strong temperature dependence of reaction
rates, and is confirmed through simulations. In (11), the authors
have designed an adaptive observer for hydrogen estimation in
a Polymer Electrolyte Membrane (PEM) fuel cell. The observer
considers the inlet hydrogen partial pressure as a slowly varying unknown parameter and uses voltage measurements. For the
PEM system, the only reaction in the fuel cell is the electrochemical conversion of hydrogen to water. In contrast, for the SOFC
system, in addition to the electrochemical conversion of hydrogen to steam, direct internal reforming of methane is also accounted for. A total of eight reaction rate and molar flow rate
parameters are identified of which four independent parameters
are extracted and estimated by the observer.
This paper is organized as follows. In our discussion on the
SOFC model development, we first describe the SOFC system.
In the subsequent section we develop the mathematical model of
the SOFC system in three main subsections. We first present the
equations for the fundamental gas and solid control volume models. The next subsections describe the steam reformer and SOFC
system models. We focus primarily on the mass transfer phenomena and chemical kinetics. Although not elaborated in our
discussion, the heat transfer phenomena of the system is modeled
in detail but omitted here for the sake of brevity. An open-loop
simulation of the system model is provided next. Subsequently,
the development of adaptive observer designs for reformer based
SOFC systems is demonstrated through a sample observer design. A stability analysis is presented next. Simulation results
are provided in the following section. Finally, conluding remarks
are provided followed by references.

SOFC System Model
Fundamental Models The essential dynamics of the
SOFC system in Fig.1 can be captured through the fundamental solid volume and gas control volume models.
Solid Volume Model: The thermodynamics of a solid volume
can be expressed as
MsCs Ṫs = Q̇s

(1)

Conductive and convective heat transfers are modeled using
Fourier’s Law and Newton’s law respectively, (1).
Gas Control Volume: The gas control volume model consists of
energy and mass balance equations. Additonally, it captures the
reaction kinetics arising from fuel reforming and electrochemistry. Throughout the model, gas composition and flow rate information are transmitted among control volumes using a uniform
signal bus. Signals one through seven of the bus denote the seven
relevant components, namely CH4 , CO, CO2 , H2 , H2 O, N2 , and
O2 respectively. The energy balance equation implemented for
the generic gaseous control volume containing a gas mixture is

SOFC MODEL DEVELOPMENT

NcvCv T˙g = η̇in hin − η̇e he + Q̇g − Ẇnet

SOFC System Description
In this section, we describe the steam reformer based tubular SOFC system which forms the basis of our analysis. The
SOFC system is outlined in Fig.1. Methane is chosen as the fuel
for the system, with a molar flow rate of Ṅ f . The reformer produces a hydrogen-rich gas which is supplied to the anode of the
SOFC stack. Electrochemical reactions occuring at the anode
due to current draw results in a steam-rich gas-mixture at the anode exit. A fraction k of the anode efflux is recirculated into the
reformer through a mixing chamber where fuel is added. The
mixing of the two fluid streams and pressurization is achieved
using an ejector or a recirculating fuel pump, (2), (17). The
steam reforming process occuring in the reformer catalyst bed
is an endothermic process. The energy required to sustain the
process is supplied from two sources, namely, the combustor efflux that is passed through the reformer, and the aforementioned

(2)

The species mass balance equation is constructed as follows,
Ncv Ẋi,cv = η̇in Xi,in − η̇e Xi,cv + Ri,cv ,

i = 1, 2, · · · , 7

(3)

where the subscripts i, i = 1, 2, · · · , 7, correspond to the species
CH4 , CO, CO2 , H2 , H2 O, N2 , and O2 respectively. From Eqn.(3),
we additionally have
7

7

∑ Xi,in = ∑ Xi,cv = 1

i=1

i=1

7

⇒

∑ Ẋi,cv = 0

i=1

7

⇒ η̇e = η̇in + ∑ Ri,cv
i=1

(4)
In our formulation the states of the gaseous control volume
model are Tg and Xi,cv , i = 1, 2, · · · , 7. Flow is assumed to be
3
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Figure 1.

SCHEMATIC OF THE SOFC SYSTEM

governed by a nominal pressure drop across each module, (1),
and hence is not treated as a state variable. The gas mixture is
assumed to satisfy ideal gas laws and hence Ncv in Eqns.(2) and
(3) is related to Pg and Tg through Ncv = PgVcv /Ru Tg . In Eqn.(2),
Cv , hin , and he are related to the state variables through:

ing gas control volumes and the catalyst bed is modeled as a solid
volume. The details of heat transfer characteristics of the system
is given in (1) and is not repeated here. Instead, we emphasize
on the reformer reaction kinetics and mass transfer phenomena.
The three main reactions that simultaneously occur during
steam reforming of methane, (3), (4), are:

7

Cv (T ) = ∑ XiC p,i (T ) − Ru,
C p,i (T )
Ru

i=1

= a i + b i T + ci T 2 + d i T 3 + ei T 4 ,
T

7
R
o
h = ∑ Xi
C p,i (T ) dT + ∆h f ,i
i=1

(a) CH4 + H2O ↔ CO + 3H2
(b) CO + H2O ↔ CO2 + H2
(c) CH4 + 2H2O ↔ CO2 + 4H2

(5)

(6)

298

We use the following reaction rate expressions, given in (4), to
model the reformer kinetics:

C p,i is expressed in functional form using the coefficients ai , bi ,
ci , di , ei , as given in (18). The inlet and exit enthalpies are computed using inlet temperature Tin and exit temperature Te = Tg .

κa
ra = 2.5
pH2

Reformer Model For steam reforming of methane we
consider a packed-bed tubular reformer with nickel-alumina catalyst, (19). A schematic diagram of the steam reformer is shown
in Fig.2. The exhaust, steam and reformate flows are modeled us-

rb =

κb
pH2

κc
rc = 3.5
pH2

pCH4 pH2 O −


pCO pH2 O −

p3H2 pCO

Ka

pH2 pCO2

pCH4 p2H2 O −

Kb

!


p4H2 pCO2

Kc

δ2

(7)

δ2

(8)

!

δ2

(9)

Exhaust Flow

where

Reformate Flow
Steam Flow

δ = 1 + KCO pCO + KH2 pH2 + KCH4 pCH4 + KH2 O pH2 O pH2 ,
pq̄ = Xq̄ P, q̄ = CH4 ,CO,CO2 , H2 , H2 O
(10)
In Eqns.(7), (8) and (9), κa , κb , and κc are given by

Reformate Flow
Exhaust Flow
Gaseous control volume
Solid volume (Catalyst bed)

κ j = κ j,Tre f
Figure 2. SCHEMATIC OF TUBULAR STEAM REFORMER

4



Ej
exp −
Ru



1
1
−
T Tre f



,

j = a, b, c,

(11)
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Anode control volume

and KCO , KH2 , KCH4 , KH2 O are expressed as


Kq = Kq,Tre f exp −

∆Hq
Ru



1
1
−
T Tre f



, q = CO, H2 ,CH4 , H2 O

Cell air
Reformate
flow

(12)
The values of Tre f , κ j,Tre f , Kq,Tre f , E j and ∆Hq are given in (4).
From the reforming reaction (a), (b) and (c) in Eqn.(6), we have

R1,r
R3,r
R5,r
R7,r

= − (ra + rc ) ,
R2,r = (ra − rb ) ,
= (rb + rc ) ,
R4,r = (3ra + rb + 4rc) ,
= − (ra + rb + 2rc ) , R6,r = 0,
=0

Electrolyte
Figure 3.

Gas control volume

SCHEMATIC DIAGRAM OF TUBULAR SOFC

Anode control volume: The following chemical and electrochemical reactions are considered in the anode volume:
(a) CH4 + H2 O ↔ CO + 3H2
(b) CO + H2 O ↔ CO2 + H2
(c) CH4 + 2H2 O ↔ CO2 + 4H2
(d)
H2 + O2− → H2 O + 2e

(17)

The occurance of the reactions (a), (b) and (c) are due to internal reforming in the anode control volume which is aided by
the elevated cell temperatures in SOFC and due to the presence
of nickel catalyst in the anode. Electrochemical conversion of
CO to CO2 at the anode is also possible in parallel to the electrochemical process of steam generation from H2 . However, as
pointed out in (20) and references therein, this reaction is much
slower in presence of reactions (b) and (d) in Eqn.(17) and is
therefore ignored in our analysis.
The rate of internal reforming reactions in the anode control volume, namely (a), (b) and (c), are modeled as given in
Eqn.(9). The rate coefficients κ j and the adsorption constants Kq
in Eqns.(11) and (12) are calculated with Ta instead of Tg . The
rate of electrochemical reaction (d) is given as

(14)
Referring to Fig.1 and from Eqns.(3) and (14), the mass balance
equations for CH4 , CO, CO2 , H2 and H2 O can be written as
kṄo X1,a − Ṅin X1,r + R1,r + Ṅ f
kṄo X2,a − Ṅin X2,r + R2,r
kṄo X3,a − Ṅin X3,r − R1,r − R2,r
kṄo X4,a − Ṅin X4,r − 4R1,r − R2,r
kṄo X5,a − Ṅin X5,r + 2R1,r + R2,r

Air feed tube

(13)

R3,r = −R1,r − R2,r , R4,r = −4R1,r − R2,r , R5,r = 2R1,r + R2,r

=
=
=
=
=

Air flow
Cell air

where ra , rb and rc are computed using reformer temperature Tr ,
pressure Pr , mole fractions Xq̄,r and the total catalyst mass in the
packed bed reformer. In Eqn.(13), any two of R1,r , R2,r , R3,r , R4,r
and R5,r are independent. In general, for the reforming reactions
in Eqn.(6), it can be shown that the rates of formation of any two
of CH4 , CO, CO2 , H2 and H2 O determine the rate of formation
of the rest. Considering the rate of formation of CH4 and CO in
the reformer to be independent variables, we can write

Nr Ẋ1,r
Nr Ẋ2,r
Nr Ẋ3,r
Nr Ẋ4,r
Nr Ẋ5,r

Cathode control volume

(15)

with Nr = PrVr /Ru Tr . Note that the reformer inlet and exit flows,
as shown in Fig.1, do not contain O2 and N2 . As a result, X6,r =
X7,r = 0. From Eqns.(4) and (15) we deduce that

rd =

iNc
nF

(18)

7

Ṅin = kṄo + Ṅ f + ∑ Ri,r

⇒

Ṅin = kṄo + Ṅ f − 2R1,r (16)

The rates of formation of the individual gas species in the anode
control volume are expressed as follows

i=1

SOFC Model Tubular Solid Oxide Fuel Cells are considered for our system analysis. A schematic diagram of an SOFC is
shown in Fig.3. The anode, cathode and feed air flows are modeled using gas control volumes. The air feed tube and the electrolyte are modeled as solid volumes. Details of the heat transfer characteristics of these control volumes and voltage computations are given in (1) and is not repeated here. Instead, we
emphasize on the fuel cell chemical kinetics and mass transfer
phenomena as in the previous section.

= − (ra + rc ) ,
R2,a = (ra − rb ) ,
= (rb + rc ) ,
R4,a = (3ra + rb + 4rc) − rd ,
= − (ra + rb + 2rc ) + rd , R6,a = 0,
=0
(19)
For the anode, ra , rb and rc are computed using Eqns.(7), (8), (9),
(10), (11), (12), with temperature Ta , pressure Pa , mole fractions
Xq̄,a and using the anode catalyst mass. As shown in Eqn.(14),

R1,a
R3,a
R5,a
R7,a

5
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with R1,a , R2,a and rd as independent variables, we have

R3,a = −R1,r − R2,r ,
R4,a = −4R1,r − R2,r − rd ,
R5,a = 2R1,r + R2,r + rd

the species at reformer exit and anode exit respectively. The H2 O
concentration is higher and the H2 concentration is lower at the
anode exit in comparison to the reformer exit. This is an expected
outcome of the electro-chemical reactions resulting from current
draw. The near equilibrium condition of the Water-Gas-Shift reaction in the anode (reaction (c) of Eqn.(17)) is evident through
the sharp depletion of CO corresponding to the depletion of H2
due to the current draw, as shown in Fig.4(f), especially around
500s to 700s when the current demand was maximum. Internal
reforming in the anode control volume is illustrated by the negligible concentration of CH4 at the anode exit in Fig.4(f).
In Fig.4(c), utilization and steam-to-carbon ratio (STCR) are
depicted. Utilization is defined as the difference in the H2 availability between the inlet and exit flows of the anode over the net
H2 availability at the anode inlet. STCR is defined as the ratio of
concentration of steam molecules to that of carbon atoms in the
inlet of the reformer.

(20)

Referring to Fig.1 and from Eqns.(3) and (20), the mass balance
equations for CH4 , CO, CO2 , H2 and H2 O can be written as:
Na Ẋ1,a
Na Ẋ2,a
Na Ẋ3,a
Na Ẋ4,a
Na Ẋ5,a

=
=
=
=
=

−Ṅo X1,a + Ṅin X1,r + R1,a
−Ṅo X2,a + Ṅin X2,r + R2,a
−Ṅo X3,a + Ṅin X3,r − R1,a − R2,a
−Ṅo X4,a + Ṅin X4,r − 4R1,a − R2,a − rd
−Ṅo X5,a + Ṅin X5,r + 2R1,a + R2,a + rd

(21)

with Na = PaVa /Ru Ta . As with the reformate control volume,
the anode inlet and exit flows, do not contain O2 and N2 . Therefore, X6,r = X7,r = 0, and hence we disregard the mass balance
equations of N2 and O2 . From Eqns.(4) and (21) we deduce that

OBSERVER DESIGN
Problem Statement
The observer design problem statement is as follows: Given
that temperatures and pressures can be sensed in the reformer
and anode volumes, and given that the fuel cell current can be
measured, design a procedure for online estimation of rates of
steam reformation reactions, molar flow rates and species concentrations using a minimum number of concentration sensors.

7

Ṅo = Ṅin + ∑ Ri,a

⇒

Ṅo = Ṅin − 2R1,a

(22)

i=1

Cathode control volume: The electro-chemical conversion
of O2 to O2− ions takes place in the cathode control volume.
1
O2 + 2e → O2−
2

Observer Equations
In this section we state the equations for a sample observer
design where CH4 and CO concentrations are sensed in the reformer and anode volumes, i.e., measurements of X1,r , X1,a , X2,r ,
X2,a are assumed to be available. Note that this choice is arbitrary and similar observers can be designed by sensing any two of
CH4 , CO, CO2 , H2 , and H2 O in the reformer and anode volumes.
Our nonlinear observer design is based on Lyapunov function approach and the observer equations are designed to guarantee uniform asymptotic stability of the observer error dynamics. From
Eqns.(15), (16), (21) and (22), the variables to be estimated are
chosen as Ṅin , Ṅo , R2,r , R2,a , Xi,r , Xi,a , i = 1, 2, · · · , 5. Their estimates are denoted by Ṅˆ in , Ṅˆ o , R̂2,r , R̂2,a , X̂i,r , X̂i,a , i = 1, 2, · · · , 5.
Solving Eqns.(16) and (22) for R1,r and R1,a , substituting into
Eqns.(15) and (21), and replacing X1,r , X1,a , X2,r , X2,a , Ṅin , Ṅo ,
R2,r and R2,a with their estimates, we have the following observer
equations:

(23)

with the reaction rate as given in Eqn.(18). Considering the mole
fractions of N2 and O2 in air to be 0.79 and 0.21 respectively,
the mass balance equations of the cathode control volume can be
written from Eqns.(18) and (23) as follows:

Nc Ẋ6,c = 0.79Ṅair − Ṅair − r2d  X6,c
rd
Nc Ẋ7,c = 0.21Ṅair − Ṅair − 2 X7,c − r2d
Xi,c = 0, i = 1, 2, · · · , 5

(24)

Simulations
In this section we provide results of open-loop simulation
of the SOFC system model. We consider a system with 100
cells in series, a fuel (pure CH4 ) flow of 0.0034 moles/sec, air
flow of 0.035 moles/sec, and a recirculation of 69%. The simulation results are shown in Fig.4. The load current is changed
in steps as shown in Fig.4(a). The cell voltage and temperature
changes corresponding to the changes in the current are shown
Figs.4(b) and (d). Figs.4(e) and (f) depict the mole fractions of

Nr X̂˙ 1,r
Na X̂˙ 1,a
Nr X̂˙ 2,r
Na X̂˙ 2,a

6



= kṄˆ o X̂1,a + 0.5 − Ṅˆ in X̂1,r + 0.5 + L1,r E1,r + 1.5Ṅ f


= −Ṅˆ o X̂1,a + 0.5 + Ṅˆ in X̂1,r + 0.5 + L1,a E1,a
= kṄˆ o X̂2,a − Ṅˆ in X̂2,r + R̂2,r + L2,r E2,r
= −Ṅˆ o X̂2,a + Ṅˆ in X̂2,r + R̂2,a + L2,a E2,a
(25)
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Figure 4. OPEN-LOOP SIMULATION OF STEAM REFORMER BASED SOFC SYSTEM

Stability Analysis
We now prove the stability of the parameter and state estimation errors for this observer through application of the concept of
input-to-state stability, (21) for cascaded systems. We consider
the following groups of parameter and state estimation errors:
T

E1 = E1,r E1,a E2,r E2,a EṄin EṄo ER2,r ER2,a

T

T

T
E2 = E3,r E3,a , E3 = E4,r E4,a , E4 = E5,r E5,a
(29)
where E1,r , E1,a , E2,r , E2,a are given in Eqn.(27) and

Note that the extra terms L1,r E1,r , L1,a E1,a , L2,r E2,r and
L2,a E2,a are added to guarantee stability of the error dynamics
as shown in the next section. As discussed in the introduction,
we treat Ṅin , Ṅo , R2,r and R2,a as slowly varying unknown parameters and design the following parameter adaptation laws
˙
Ṅˆ in
˙
Ṅˆ o
R̂˙ 2,r
R̂˙




= γ1 (E1,a − E1,r ) X̂1,r + 0.5 + (E2,a − E2,r ) X̂2,r



= γ2 (kE1,r − E1,a ) X̂1,a + 0.5 + (kE2,r − E2,a) X̂2,a
= γ3 E2,r
=
γ4 E2,a
2,a
(26)
where, γ1 , γ2 , γ3 , γ4 > 0, L1,r , L1,a , L2,r , L2,a > 0, and

E1,r = X1,r − X̂1,r , E1,a = X1,a − X̂1,a ,
E2,r = X2,r − X̂2,r , E2,a = X2,a − X̂2,a , 
L1,r = L1,a = L2,r = L2,a = 0.5 sup Ṅo − Ṅin

EṄin = Ṅin − Ṅˆ in , EṄo = Ṅo − Ṅˆ o ,
ER2,r = R2,r − R̂2,r , ER2,a = R2,a − R̂2,a
E3,r = X3,r − X̂3,r , E4,r = X4,r − X̂4,r , E5,r = X5,r − X̂5,r
E3,a = X3,a − X̂3,a , E4,a = X4,a − X̂4,a , E5,a = X5,a − X̂5,a

(27)

(30)
The error dynamics can be derived from Eqns.(15), (16), (21),
(22), (25), (26), and (28), and are given below

Using the parameter estimates in Eqn.(26), the remaining species
concentrations are estimated using the following observer equations derived from Eqns.(15), (16), (18), (21) and (22):
Nr X̂˙ 3,r
Nr X̂˙ 4,r
Nr X̂˙ 5,r
Na X̂˙ 3,a
Na X̂˙ 4,a
Na X̂˙ 5,a

= kṄˆ o
= kṄˆ o
= kṄˆ o
= −Ṅˆ o
= −Ṅˆ o
= −Ṅˆ o


Nr Ė1,r = kṄo E1,a − Ṅin E1,r − L1,r E1,r − EṄin X̂1,r + 0.5
+kEṄo X̂1,a + 0.5

Na Ė1,a = −Ṅo E1,a + Ṅin E1,r
 − L1,a E1,a + EṄin X̂1,r + 0.5
−EṄo X̂1,a + 0.5
Nr Ė2,r = kṄo E2,a − Ṅin E2,r − L2,r E2,r + ER2,r − EṄin X̂2,r
+kEṄo X̂2,a
Na Ė2,a = −Ṅo E2,a + Ṅin E2,r − L2,a E2,a + ER2,a + EṄin X̂2,r
−EṄo X̂2,a
(31)

X̂3,a − 0.5 − Ṅˆ in X̂3,r − 0.5 − 0.5Ṅ f − R̂2,r


X̂4,a − 2 − Ṅˆ in X̂4,r − 2 − 2Ṅ f − R̂2,r


X̂5,a + 1 − Ṅˆ in X̂5,r − 1 + Ṅ f + R̂2,r
 ˆ

X̂3,a − 0.5 + Ṅin X̂3,r − 0.5 − R̂2,a


c
X̂4,a − 2 + Ṅˆ in X̂4,r − 2 − R̂2,a − iN
nF
 ˆ

iNc
X̂5,a + 1 + Ṅin X̂5,r + 1 + R̂2,a + nF




(28)
7
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Nr Ė3,r = kṄo E3,a − Ṅin E3,r − EṄin X̂3,r − 0.5
+kEṄo X̂3,a − 0.5 − ER2,r

Na Ė3,a = −Ṅo E3,a + Ṅin E3,r
 + EṄin X̂3,r − 0.5
−EṄo X̂3,a − 0.5 − ER2,a

Nr Ė4,r = kṄo E4,a − Ṅin E4,r
−
E
X̂
−
2
4,r
Ṅ
in

+kEṄo X̂4,a − 2 − ER2,r

Na Ė4,a = −Ṅo E4,a + Ṅin E4,r + EṄin X̂4,r − 2
−EṄo X̂4,a − 2 − ER2,a

Nr Ė5,r = kṄo E5,a − Ṅin E5,r
 − EṄin X̂5,r + 1
+kEṄo X̂5,a + 1 + ER2,r

Na Ė5,a = −Ṅo E5,a + Ṅin E5,r + EṄin X̂5,r + 1
−EṄo X̂5,a + 1 + ER2,a

we can write
2
V̇ = −E1,a



 
Ṅin + L1,r Z12 + Ṅo + L1,a − kṄo + Ṅin Z1



 
2
−E2,a
Ṅin + L2,r Z22 + Ṅo + L2,a − kṄo + Ṅin Z2  

2 0.5 Ṅ + Ṅ Z 2 + 0.5 Ṅ + Ṅ − kṄ + Ṅ
< −E1,a
in
o
in
o
o
in Z1
1

 2

 
2
−E2,a 0.5 Ṅin + Ṅo Z2 + 0.5 Ṅin + Ṅo − kṄo + Ṅin Z2
≤0
(39)
Indeed, the Lyapunov function V in Eqn.(38) is a radially unbounded, continuously differentiable, positive definite, decrescent function whose derivative along the system trajectories is
negative definite as shown in Eqn.(39). Furthermore, the properties above hold globally and this establishes the global uniform
asymptotic stability of the origin of Eqn.(34). Note that the design of parameter adaptation laws in Eqn.(26) and the choice
of the observer gains L1,r , L1,a , L2,r , L2,a in Eqn.(27) directly
contributes in ensuring V̇ ≤ 0. To prove the second condition
above, we apply Lemma 4.6 of (21). We now show that the origin of Eqn.(35), with E1 as input, is input-to-state stable. For
the systems in Eqns.(36) and (37), the proofs are omitted for
brevity. According to Lemma 4.6 of (21), we need to prove
global exponential stability of E2 = 0 for the unforced system
Ė2 = f2 (0, E2 ). From Eqn.(32), the unforced system is given by

(32)

The error dynamics of the parameter estimates can be obtained
from Eqn.(26) using the substitution
˙

˙

ĖṄin = −Ṅˆ in , ĖṄo = −Ṅˆ o , ĖR2,r = −R̂˙ 2,r , ĖR2,a = −R̂˙ 2,a (33)
The state variable descriptions of E1 through E4 can now be
expressed in the cascaded form
Ė1 = f1 (E1 ) ,

(34)

Ė2 = f2 (E1 , E2 ) ,
Ė3 = f3 (E1 , E3 ) ,

(35)
(36)

Ė4 = f4 (E1 , E4 )

(37)



1. The origin of Eqn.(34) is globally uniformly asymptotically
stable, and
2. The origins of Eqns.(35), (36) and (37), with E1 as input, are
input-to-state stable.
To prove the first condition, we choose the following Lyapunov
function candidate:
1
2

h
2
2
2
2
Nr E1,r
+ Na E1,a
+ Nr E2,r
+ Na E2,a

+ γ11 Nr EṄ2 + γ12 Na EṄ2 + γ13 Nr ER22,r + γ14 Na ER22,a
in

o

"

− ṄNinr kNṄro
Ė3,r
=
Ṅin
Ṅo
Ė3,a
Na − Na


#

E3,r
E3,a



⇒

Ė2 = AE2 E2 ,

(40)

treating the recirculation fraction k as a known constant parameter with 0 < k < 1. It can be verified that AE2 is Hurwitz and,
in fact, the eigenvalues of AE2 are real and negative and this establishes the global exponential stability of the unforced system.
Hence, the origin of Eqn.(35), with E1 as input, is input-to-state
stable. Thus, by satisfying both the conditions mentioned above,
we have established global uniform asymptotic stability of the
origin of the cascaded system given in Eqns.(34), (35), (36) and
(37), and this implies stability of the error dynamics.

We prove global uniform asymptotic stability of the origin of the
cascaded system in Eqns.(34), (35), (36) and (37) by applying
Lemma 4.7 and Lemma 4.6 of (21). According to Lemma 4.7 of
(21), the cascaded system given by Eqns.(34), (35), (36) and (37)
satisfies the above stability property if,

V =



SIMULATIONS
We provide simulation results in support of the observer
design in the sections above. We perform an open loop simulation of the system model with Ṅ f = 0.0097moles/s, Ṅa =
0.098moles/s and a recirculation fraction k = 0.75. The current
demand was changed in steps as given below

i (38)

Due to internal steam reforming
in anode

 volume Ṅo ≥ Ṅin and
therefore sup Ṅo − Ṅin > Ṅo − Ṅin . From Eqns.(38), (26),
(27), (31), and (33), defining Z1 = E1,r /E1,a and Z2 = E2,r /E2,a ,
8


 50 for 0 ≤ t < 100
i = 70 for 100 ≤ t < 200

40 for 200 ≤ t ≤ 300

(41)
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CONCLUSION
In this paper we have designed an adaptive observer for an
SOFC system with anode recirculation and with methane as the
fuel. In the proposed design we have shown that the net molar
flow rates, reaction rates and all species concentrations in the reformer and the anode control volumes can be estimated by sensing the concentrations of any two species in the reformer and the
same two species in the anode volumes. The specific design presented in this paper assumes CH4 and CO sensors to be available,
however any other combination is equally effective. Temperature
and pressure measurements at the reformer and anode exits are
assumed to be available, however their dynamics are not considered in the observer design. We prove stability of the observer
using the notion of input-to-state stability of cascaded systems.
In our stability analysis we treat the recirculation fraction as a
constant. In our future work we shall attempt to relax this condition. Furthermore, we shall also attempt to use voltage measurements and thereby further reduce the number of concentrations
sensors necessary for the observer. This paper develops a theoretical framework for observer design for reformer based SOFC
systems. Experimental validation of this design approach will be
pursued in future research.
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